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Abstract
In this note counterexamples to a conjecture of Chetwynd and Wilson (Snarks and supersnarks,
in: Chartrand et al. (Eds.), The Theory and Applications of Graphs. (Kalamazoo, MI, 1980),
Wiley, New York, 1981, pp. 215{241) are constructed. c© 1999 Elsevier Science B.V. All
rights reserved.
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In [1] a k-snark is dened to be a k-regular graph G with chromatic index 0=k+1.
To avoid trivial cases it is assumed that a k-snark has an even number of vertices and
it does not contain a set of k − 1 multiple edges, complete subgraphs on k vertices,
or (k + 1)-cliques with a 1-factor removed. If the value of k is unimportant the term
supersnark is used. Chetwynd and Wilson made the following conjecture:
Conjecture 1 (Chetwynd and Wilson [1]). Every supersnark contains
1. a subgraph homeomorphic to the Petersen graph;
2. a subgraph contractible to the Petersen graph.
Since the Petersen graph is cubic, the two statements of the conjecture are equivalent.
Let G be a graph. The maximum vertex degree of a vertex of G is denoted by
(G), and (v; w) denotes the number of edges between two vertices v and w.
Observation. Conjecture 1 is false.
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Proof. Let P denote the Petersen graph. We are going to construct k-snarks having no
subgraph contractible to P, for any k>4. Let k>4 and 1<l<k− 1 be xed. Dene
Mk = (V; E) to be the graph on three vertices u; v; w and edges uv; uw and vw such
that (uv) = l; (uw) = k − l and (vw) = 1. Clearly (Mk) = k and 0(Mk) = k + 1.
Take two copies M 1k ; M
2
k of Mk with vertex sets fu1; v1; w1g and fu2; v2; w2g,
respectively, and add k − l− 1 edges between v1; v2 and l− 1 edges between w1 and
w2, to obtain a new graph Gk . Then Gk has six vertices, (Gk)=k and 0(Gk)=k+1,
and therefore it is a k-snark. Further it is (k − 2)-edge connected. But obviously it
does not satisfy Conjecture 1.
For k 2 f4; 5g the conjecture is not true even for simple graphs. Let k = 4, replace
vertices u1 and u2 by copies of the complete bipartite graph K3;4 in G4, to obtain the
simple 4-regular graph H4 on 18 vertices.
Let k = 5 and l = 2. Replace vertices u1; u2 by copies of the complete bipartite
graph K4;5 in M 15 and M
2
5 , to obtain graphs N
1
5 and N
2
5 , respectively. Connect these
two graphs by edges v1v2; v1w2 and v2w1, to obtain the simple 5-regular graph H5 on
22 vertices.
The replacement of a degree k vertex by the complete bipartite graph Kk;k−1 in a
graph with maximum degree k and chromatic index k+1 yields a graph with chromatic
index k +1, cf. Theorem 2 in [2]. Therefore H4 and H5 are simple k-snarks. Since H4
is a subgraph of H5, it suces to prove the statement for H5.
Assume to the contrary that H5 contains a subgraph S contractible to P. Since
fv1; w1g and fv2; w2g both are vertex 2-cuts in H5 and P does not have a vertex 2-cut,
all degree 3 vertices of S are contained in one of N 15 or N
2
5 , say N
1
5 . Graph N
1
5 has 11
vertices. Thus at most one of these vertices has degree 2 in S. Suppress this vertex to
obtain a graph on 10 vertices which has P as a subgraph. Any graph obtained in this
way has an independent set of ve vertices, and hence P has such an independent set.
This contradicts the fact that any independent set of vertices of the Petersen graph has
at most four vertices.
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